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Abstract

In this study, efficiencies of Horvitz-Thompson (HT) and Generalized Regression (GREG) estimators
are investigated in small domains namely Domain 1, 2 and 3. Efficiency criteria include the standard
error of the estimates (SE) and coefficient of variation (CV) Computed for the study population of
size 1052 households consisting of domain size of 885, 151 and 16 and domain samples sizes of 167,
29 and 3 respectively for Domains 1, 2 and 3. The estimates produced by HT estimator GREG
estimator performs better than HT estimator with domainSE;(GREG) < SE;(HT), SE,(GREG) <
SE,(HT)and SE3(GREG) < SE3(HT). Similarly the domain Coefficient of Variation (CV,en)
:CV,(GREG) < CV,(HT),CV,(GREG) < CV,(HT) and CV5(GREG) < CV3(HT). The study
concluded that GREG estimator is more efficient than the HT estimator for small domain when it is
clear that sample sizes of domains are small. The distribution of the study population sampled showed
that Domain 1 with 84.1%of the respondents have an average monthly expenditure
belowN21691.80(or less than about$2 per day World Bank poverty line).
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Introduction

Small-Area Estimation (SAE) is a
collection of statistical techniques designed for
improving sample survey estimates through the
use of auxiliary information. SAE offers the
opportunity to improve accuracy of the current
surveys through the use of statistical models,
while avoiding additional respondents burden or
survey costs, (Ghosh and Rao, 1994). Of course,
SAE is of great importance in survey sampling
due to a growing demand for reliable small area
statistics from both public and private sectors for
several reasons such as effective planning of
health, mobilization and apportionment of
resources and revenue and allocation of
legislative seats as the case may be (Ghosh and
Rao, 1994; Rao, 2003).

Sample sizes relating to small domains of
interest turn out to be so small in practice that
estimates based on them wunder classical
sampling theory happen to be inaccurate and
unreliable (especially with large measures of
error in terms of large standard errors and
coefficients of variation). Consequently, ways of
achieving  higher  serviceability  requires
modifying the classical methods that utilizes
various auxiliary pieces of information. There
are several estimators that can be used in SAE
when auxiliary variables are available. These
include Hansen-Hurwitz estimator (HH), Rao-
Hartley-Cochran estimator, Horvitz-Thompson
(HT) estimator, Regression Estimator, Model-
Dependent Empirical Best Linear Unbiased

Predictor (EBLUP), synthetic, generalised
regression (GREG) estimator etc.
In this study, we utilized Horvitz-

Thompson (HT) estimator developed by Horvitz
and Thompson (1952) and generalised regression
(GREG) estimator developed by Sarndal,
Swensson and Wretman (1992) to investigate
and compare their efficiencies in estimating
household expenditure in Makurdi-Nigeria
considering income as auxiliary variable.
Makurdi is the capital city of Benue State
and is located along the Benue River on latitude
7.73 degrees and longitude 8.52 degree. The
town is mainly domiciled by those involved in

Agriculture, Civil Servants and traders among
others.

Literature Review

There are several studies in the literature
(especially in Small Area) about GREG and HT
estimators.  Lehtonen  (2006) investigated
estimation for population subgroups or domains
for model-assisted generalized regression
(GREG) and Model-Dependent Empirical Best
Linear Unbiased Predictor (EBLUP) estimators
under different model choices and under unequal
probability sampling. Merkouris (2009), on the
other hand, explored the possibility of enhancing
the precision of domain estimators by combining
comparable information collected in multiple
surveys of the same population. He proposed a
regression method of estimation that is
essentially an extended calibration procedure
whereby comparable domain estimates from the
various surveys are calibrated to each other.
Santamaria et al. (2004) studied small area
estimation with auxiliary variables, complex
sampling designs and highlighted methods for
small-area estimation including direct, synthetic
and some other indirect estimators. Costa et al.
(2006) worked on improving small-area
estimation by combining surveys and
investigating how to integrate information from
an auxiliary survey in small-area estimation.

Pfeffermann (2013) presented some
important developments in small area estimation
methods. Rai and Pandey (2013) discussed the
generalized class of synthetic estimators for
estimating the population mean of small domains
under the information of two auxiliary variables
and the results of the numerical illustration for
the two auxiliary variables were compared for
the synthetic ratio estimator under single and two
auxiliary variables.

Minnich et al. (2014) developed a design
which adequately supports the application of
small area estimation methods that foster an
accurate estimation of total population counts.
Ken (2001) showed that, under mild conditions,
the variance of the Horvitz-Thompson (HT)
estimator depends almost entirely on first order
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inclusion probabilities. Using both purely
design-based and model-assisted arguments,
approximate expressions and estimators were
derived for this "natural variance" of the HT
estimator and tentative formulae for the HT
variance estimator were also provided for the
most important case where the HT variance does
not take its natural value, namely when sampling
is systematic from a deliberately ordered
population.

Grakovic¢a(2006) compared Horvitz-
Thompson (HT) estimator with GREG estimator
in farm survey. According to him, GREG
estimator depends on correlation among X
(auxiliary variable which was total land area of
farm) and Y (study variable denoting the number
of cattle) and if correlation is small, GREG
estimator is not better compared to HT estimator.

Milda  (2009) used  generalized
regression, synthetic, empirical best linear
predictor and Horvitz-Thompson estimators to
examine estimation for domains and small areas
for enter-prise surveys. Minnich et al. (2011),
conducted the first census after the re-unification
in Germany where a register-assisted census was
implemented using population register data and
an additional sample. They concluded that in
terms of design-based methods, the design had
considerable impact on the accuracy of the
estimators and simple random sampling, as
expected, is very inefficient using the HT and
much better for the GREG.

Haslett et al. (2012) produced small-area
estimates of poverty and malnutrition in
Cambodia at district and sub-district levels by
combining survey data with auxiliary data
derived from the 2008 census. Wiese (2013)
investigated the best design for the Swedish
Investment Survey stratifying on number of
employees, Neyman allocation, Stratified Simple
Random Sampling (STSRS) and HT-estimation
and the alternative method was to stratify on
turnover, mps-sampling and GREG-estimation.
Bikauskaite (2014) analyzes several different
types of techniques which produce small area
estimates of poverty.
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Methods
Let the population U = uy,u,. . .uy be
partitioned into domains D = 1,2, .d and let

y;q be the observation on the i*" unit of the
population in the dt" domain

Also et Pl-— ; X =YN x;be the
selection probability of the " unit in the
population

The unbiased Horvitz-Thompson

estimator for domain total of Yis given as

ty = Z Ya,iWila, 1

lES

wherew; is the design weight. If w; = % , then
td == & 2
£ TT;
LES4

which is an unbiased estimate of population in
the d*" domain. Since E(ty) = Y,
{1 if (€sy

0 if i¢sy

be a random variable, because it results from the
random experiment of drawing a sample.

The variance of HT estimator t;in the d™

domain is given as

Vur(tq) = Z)’m( : ) Zz}/m}/d,<ﬂunnnﬂj> 3

becauseE (I;;) = m;j = Y21 P(S), the
inclusion probability of both i and j in a sample
according to the design p, while m; is the
inclusion probability with E(I;) = m;

In case every sample has a fixed number

Let Idj -

of units, each distinct, Vyr(t;) has the
alternative form

Ng Ng
Vir(tg) = ZZ(” 7 — ”u)(ydl yd,> 4

i< j

and if r;; > OVi,j € U, then,

S S TR

i< jesg
is the unbiased estimator for Vi (t;)

Yates and Grundy (1953) and Sen (1953) gave
equivalent formula for the HT variance

If p(s) > 0 is of fixed sample size, then Vy(ty)
andV,;(t,)have the following expression,

VHT(td) _ZZA”(yl_Lﬂ_yjldJ) 6

which can be estimated by
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2
5 X ilai _ Yjlaj
Vir(tq) = X, X5y Dij (yn—;i—;—d]) Lj 7

WhereAij= T[ij - T[iT[j y E_ —

U, (Chaudhuri, 2012)

GREG Estimator
The GREG estimator for dt*domain total
IS given by

Vi 4 z Xi
tog = —+ X, — — 8
gd Z - .BQd d T,

i€sq4 i€sq
where
5 Yiesy QiXiVi
Xq = YievyXir Boa = S 0 Qi(> 0)s4
d i
1
and Q; =—,

l

For small n the variance of ¢, is given by

1-—m; Tj — T
_ 2 l Y L
Vg(tgd) = zei 7 +zZeildiej1dj
i it j n”

LESyq

or
2
7TL'7T]' — T[L'j eildi ejldj
%(tgd)zzz< T ><T[ o 10
— £ ij i j
i< j€sq

Whereei =Yai — :Bdei

Theorem: For the estimates of population mean,
the variance is given as

~ t 1
V() =V (5)=5V® 11
where n is the sample size

Measure of Efficiency

Basically, an estimator t,, is more
efficient than another estimator t, if and only if
V,(tga) < Vur(tg). Alternatively, the relative
efficiency (RE) criteria is used and is defined as

RE = Zaltsa) o 11

"~ Var(ta)
or
RE = 22 100 < 100 13
Var(ta)
whichcan also be expressed as
Vy(tga) = Vur(ta) <0 14

so thatt,, is more efficient than ¢,

Other criteria for detecting the more efficient
estimator include Standard Error (SE) and
Coefficient of Variation (CV) defined as

5.E(t,) = Vy(tga) 15
S.E
C.V(ty) = ¢ 100 16
d

S.E(t

C.V(ty,) = RLIC) x 100 17
dd

whereS. E(ty) = +/Vyr(tq) 18

The Study Population and Samples

Data for this study was obtained from
field surveys conducted on household income
and expenditure pertaining to Civil Servants in
Makurdi and environs by administering
structured questionnaire to one thousand and
fifty two randomly selected households.

The variables in the data are: Y, average
monthly household income per month and X,
average household expenditure per month. The
correlation coefficient for the study and auxiliary
variable is 0.966; The sample size utilized in this
study is determined using the expression:

n= — NpSTSqf‘TSA 19
Toaz(N=D+Psrslsrs

where p,,.s= the estimated proportion = 0.8,

Gsrs =1 — Psrs = 0.2, d?= desired absolute

precision (degree of precision) = 0.05, N= 1052.

The sample size for each domain is then

allocated using proportional to population size.

Ngen = 2Ng 20

WhereN:= population size of domain 1,
N>= population size of domain 2, N3=
population size of domain 3, n,= sample size of
domain 1, n,= sample size of domain 2, ns;=
sample size of domain 3.

According to Renaissance Capital (2011),
the Nigerian Middle Class average monthly
income is in the range N75,000 - ¥100,000.
Thus, for the study population under
consideration, the data was grouped into three
domains: below N75,000 as lower income (or
domain 1), N75,000 — ¥100,000 as middle
income (or domain 2) and above ¥100,000 as
high income (or domain 3).
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Results

The domain sizes and their respective
sample sizes proportional to their domain sizes
are given in Table 1.Table 2 below shows the
total and aveage expenditure of persons in the
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three small domains in Makurdi using the
Renaissance  classifications of  2011lwhen
information about their incomes are available.
Tables 3 and 4 show the results of the efficiency
measures.

Table 1: Domain Sizes and their Respective Sample Sizes

Domain

Ny ng
1 885 167
2 151 29
3 16 3

Table 2: Estimates of Total Expenditures, Averages and Variances using HT and GREG Estimators.

Domain HT GREG
1 20081766.72 18255724.60
b 2 9435671.27 8607876.36
3 1795022.97 1675787.97
22691.26 20627.94
y 2 62487.89 57005.80
3 112188.94 104736.75
1 10979832.49 4721163.20
V() 2 467438218.62 125850877.95
3 16350042919.67 681525145.10
Table 3: The Relative Efficiency of the Estimators
Domain V(tgd) V(ty) RE(%)
1 4721163.20 10979832.49 42.9985
2 125850877.95 467438218.62 26.9235
3 681525145.10 16350042919.67 4.1683
Table 4: Standard Error and Coefficient of Variation of the Estimates
Domain HT GREG
1 3313.58 2172.82
S.E 2 21620.32 11218.33
3 127867.29 26106.04
1 14.6029 10.5334
CV 2 34.5992 19.6793
3 113.9749 24.9254
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Figure 2: Plot of Relative Efficiency against the Domain

Discussion of Results

This section discusses the results of data
presented in the previous section as shown in
Tables 1, 2, 3and 4 as well as Figuresland
2.Table 1 shows the domain sizes and their
respective sample sizes. Table 2 shows the
estimated total expenditures, average
expenditures and also their variances for the
three domains using Horvitz-Thompson and
GREG estimators.

The estimates of average expenditure in
the three domains in Table 2 reveals that 885 out
of 1052 (84.1%) of the respondents have average
monthly expenditure of ¥22,691.26, 14.4% of
respondents have average monthly expenditure

of ¥62,487.89 while 1.5% have average monthly
expenditure of N112,188.94 when Horvitz-
Thompson estimator is used. When GREG
estimator is used in estimation, the average
monthly expenditure for the domains are
§20,627.94, N57,005.80 and ¥104,736.75 for
domain 1, domain 2 and domain 3 respectively
exhibiting similar pattern with the HT estimator.
The population distribution of income earners
has a wider base for lower income and smaller
peak for highest income group.

The estimated variances for each domain
and hence the standard error (SE) of the
estimates and the coefficient of variations, show
that when HT estimator is utilized, domain 1
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gives S.E=3,31358 and C.V=14.6029%,
domain 2 gives S.E=21,620.32 and C.V=
34.5992% while domain 3 gives
S.E=127,867.29 and C.V=113.9749%.

Thus, estimates in domain 1 appear to be
more precise than those of other domains. It is
also noticeable that the SE for domain 3 is far
larger than others and has a CV of 113.9749%.
This can be attributed to the size of the sample
which is actually small.

When we consider the GREG estimator
as shown in Table 4,it is obvious in domain 1, 2
and 3 that the SE’s(i.e2172.82, 11,218.33 and
26,106.04)and CV/(i.e10.5334%, 19.6793% and
24.9254%) are increasing from domain 1 to
domain 3 The behaviour of these estimates is
similar to those of HT estimates and they agree
with the findings of Lehtonen (2006) and
Munnich et al. (2011) who concluded that the
accuracy of estimates is improved with increase
in sample size as shown by the results.

However when we compare the
performance of the two estimators, it is clear that
GREG estimator is more efficient than HT
estimator as shown in Table 3. Generally, the
results are consistent with the literatures that
posited that when some auxiliary or design
variables are available, the model-based
estimator, that utilizes the relationship between
the survey outcome and these auxiliary or design
variables, can improve the efficiency compared
to the design-based estimators. The same way,
the result agrees with that of Siobhan (2003)
who noted that the model assisted procedure is
much more efficient than the Horvitz-Thompson
estimator. This is also shown by Tikkiwal and
Pandey (2007), Pandey and Tikkiwal (2010), and
Pandey (2010), who also established that when
an auxiliary variable is closely related with the
variable under study, the small area estimators
based on auxiliary information perform better
than those which do not use auxiliary
information.

Similarly, the result, also agrees with the
findings of Statistics Sweden (2008) on the
disadvantage of HT Estimator, that, it is not the
most efficient estimator when compared with
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model based design. In other words, the variance
for an HT-estimation is sometimes unnecessary
big.  Similarly  Holmberg  (2003) who
investigated the combination of probability
proportional and GREG argued that adding
auxiliary information to a survey will highly
improve the quality of the estimators. According
to him, using an estimator outside the GREG
family may probably not reduce the variance. In
general, the wvariance of the design-based
estimators is larger than the model-based and HT
estimator is a member of design based
estimators.

Generally, the survey results reveal that
out of the 1052 respondents about 84% of
respondents expend an average of between
N665.00 and N731.00 per day for the lowest
income class identified as the “Poor” population,
about 14% of members of the study population
earn what is termed ‘“Average” income while
less than 2%of members of the population earn
what is termed “Highest” The
implication of the lower average expenditure in
terms of the $2per day (with 3350.00 per Dollar
exchange rate) World Bank poverty line
indicates that the average income of persons in
the study domains is not capable of meeting the
needs of a household of two or more family
members. Similarly, most of the households fall
below the middle class in terms of household
income and expenditure as defined by
Renaissance Capital (2011).

income.

Conclusion and Recommendation

Following the results from the analysis,
we can conclude that in order to have quality
estimates of population characteristics in small
domains, the use of auxiliary variables that are
positively correlated is necessary more so,
GREG estimator provides better estimates of
population  characteristics  than  Horvitz-
Thompson estimator just as Sarndal (2007) also
pointed out. The GREG estimator although is
nearly unbiased, it has a considerably smaller
variance than the Horvitz-Thompson estimator.

Furthermore, the estimates for the sample
population show that over 80% members of the
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study population live below the World Bank’s
poverty line of $2per day. The implication is that
it tends to have negative effects on the socio-
economics and even cultural values in such
community and the domains of study.

It is therefore worth to recommend that
when estimating population parameters for small
domains, it is advisable to use auxiliary
information and GREG estimator, a model based
estimator rather than the design based HT
estimator. It further recommends the need to
narrow income gap to increase household ability
to spend so as to reduce poverty especially
among the lower class, an effort which
stakeholders need to take deliberate steps to
achieve.
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