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ABSTRACT

In this paper, we derive some new k-step hybrid block methods (HBM) for
the solution of first-order non-stiff initial value problems (IVVPs) of ordinary
differential equations (ODEs). A continuous hybrid multistep method
(CHM) with variable coefficients is first developed using interpolation and
collocation of a polynomial approximate solution. Discrete hybrid methods
are then obtained by evaluating the CHM at some points of interest which
give a class of discrete multistep methods that are implemented as hybrid
block methods for k = 3,4 yielding HBM3 and HBM4 respectively.
Properties of the HBM3 and HBM4 are investigated and the results yield
orders seven and nine respectively and their convergence is established.
Numerical performance of the block methods on some non-stiff ODEs
shows that the methods compare favourably with some existing methods.

Keywords: Hybrid block methods, Linear non-stiff ODEs, Multistep
collocation, ODEs.

INTRODUCTION
We consider a numerical method for solving the general first-order
initial value problem (IVP) of ordinary differential equations
(ODEs) of the form
Y =), y(x0) = yo (1.1)
whose solution y(x) is sought in the range a < x < b, where x, = a and b
are finite, and f is a continuous function satisfying some Lipschitz
condition for the existence and uniqueness of the solution. Badmus, Yahaya
& Pam (2015) stated that problems in the form (1.1) have wide applications
in engineering, physical sciences, medicine, molecular dynamics, quantum
chemistry astrophysics, electronics and semi-discretization of wave
equations etc.
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Linear multistep methods (LMMs) are widely
used for solving IVPs of first order ODEs. They
are also applicable to solving higher order ODEs.
Generally, LMMs are not self-starting especially
when the step number k > 1 hence, need starting
values from single-step methods like Euler’s
method and Runge-Kutta's family of methods
(Aboiyar, Luga & lyorter, 2015). The continued
search for methods that enhance increased
accuracy and computational efficiency has
somehow seen the increased application of block
methods as a set of simultaneous numerical
integrators, which mostly do not require starters,
especially when the step number k > 1 (see
Abdullahi, Chollom & Yahaya, 2014; Akinfenwa,
Jator & Yao, 2013; Badmus & Mshelia, 2012;
Badmus, Yahaya & Pam, 2015; Jator & King,
2018; Kamoh, Gyemang & Soomiyol, 2017,
Kumleng, Adee & Skwame, 2013; Odekunle,
Adesanya & Sunday, 2012; Yakusak & Adeniyi,
2015, Yakusak, Emmanuel & Ogunniran, 2015).

y(x) = X525 ¢ ()ynej + RIS 0, (0 f (%, v(%))

with y(x) satisfying

Y(xn+j)=J’n+jvj€{0v1,-~-,t—1}
y(f]-)=f(fj,y(fj)),j=0,1,...,m—1

http.//napas.org.ng

Such increased accuracy may come as a result of
increasing the step number of the method which
invariably increases the degree of the
approximating polynomial.

Therefore, in this research, following the two- and
three-step block hybrid methods developed by
Badmus & Mshelia (2012), we obtain some new
more accurate hybrid block methods for step
numbers three and four, i.e., k = 3 4.

2. MATERIALS AND METHODS

In the spirit of Akinfenwa et al., (2013), Badmus
& Mshelia (2012), Jator & King (2018) and
Kumleng et al., (2013), the multistep collocation
method we deploy in this research for solving
(1.1) employs a k-step multistep method, having t
interpolation points and m collocation points,
which generally gives a continuous interpolant of
the form

2.1)

(2.13)

where ¢;(x) and ¢;(x) are assumed polynomials of the form

¢;(0=Z20 " ¢jir1x j€(0,1,...t-1}
hoj(x)=h yitm-1 @ji+1x4j=0,1,..,.m-1

(2.1b)

Ineq (2.1a), x4 are t (t > 0) arbitrary chosen interpolation points from [x,, x,,,, ] whereas X; are

m (m > 0) collocation points, also from [x,,, x, ] (see Adee, 2002)

Further adapting Adee (2002), the following conditions are imposed on ¢;(x) and ¢;(x):

¢j(xn+i):6ij,i,j:0,1,....t—1
h(pj(xnﬂ-)=0,i=0,1,...,t—1,j=0,1,...,m—1

and

¢}(fi)=0,i=0,1,...,m—1,j=0,1,...,t—1
h(p;—(.fi)=5ij,i,j:0,1,...,m—1

(2.1¢c)

(2.1d)

Simplifying egs. (2.1c-2.1d) leads to the matrix equation of the form DC = I where I is an identity

matrix of the same dimension (t + m) X (t + m) with D and C such that
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l X X2 . Xkal
+k- r b
% Xn_+1 X X;fl 1 b P hgy - héyps
. Z' t :H b b how - héps

1 Xn+t—1 Xn+t—1 o Xnt—t—l ¢ ¢ h¢ h¢
D= cee ~ cee ~

0 1 2?0 (t+m—1)i§‘*m‘z) C _ 03 t-1,3 03 m-1,3

0 1 2% - (tem-D)ger? b b o B

_0 1 2Xm—1 (t +m _1) 7é\t—+1m72)_ _¢O,t+m “' ¢t—1,t+m h¢)0,t+m e h¢m—1,t+m | (2 2)

Thus, we can express eq (2.1) explicitly in the form
V() = O Ynars o Yne—1 fo frats oo fram-1)TCT (1,2, %%, o, x M1 (2.3)

where, in (2.3), superscript T denotes the transpose of a matrix.

2.1 Derivation of new two hybrid block methods (HBM3 and HBM4)

Two cases of some new hybrid block methods are as follow:

Case 1 (k = 3): Set the interpolation points ¢ = 3 and collocation points m = 5 at x,,,j,j = % 1,3 and

X, j = 2, 1,3, 2,E respectively so that (2.1) becomes the continuous hybrid method (CHM3) of the form
J 2’77272

Y00 =6, (x)y_, +hY 0, (X)1

2 (2.4)
In (2.2), D takes the form
1 Xnit X:H% XfH% X:H% Xr51+% XfH% X:H% |
1 n+1 rirl r:lg+l X:+l Xr?+l Xr?+l XZ+1
I X X;+g Xr31+% X:+g Xr51+% Xfwg Xr71+%
o 0 1 2xn+% 3x§% 4x;+% SX:% 6x§+% 7xf1+%
O 1 2 Xn+l 3X§+1 4Xr31+1 5Xr‘11+1 6X§+1 7 Xr?+l
0 1 2xn+% 3x§+% 4xi+% 5x:+% 6x§+% 7x§+%
0 1 2Xn+2 3Xr$+2 4X:+2 5X:+2 6Xr?+2 7XS+2
_0 12, 3x§+g 4xf]+% 5x:+% 6xf]+% 7x;+g |

Applying Maple 18 software after some algebraic manipulations with & = x_hx", the CHM (2.4) reduces

to
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132 1346 5646 _ 12585
192 1760 6432 5 12000
ye=| HE AR oS ARS
3769 5433 8595 4941 n+3 1800 189 n+l
+ 7 5 g + == 136 +716§ — 390§ + =7 ST +
37_4 é: 4 3106 3106 6 12078 24585 281 £7 _ 5809 24811 5 22669
17 17 255 510 510 204 f
6633 é 4 8553 8553 § 12195 6589 yn+% + 35113 53129 g + 8029 6029 &£ _ 19551 n+i
136 + 240 480 136 2720 +
[ 2056 £7 20252 §6 + 81388 é: _ 34438 392 £7 _ 3684 £6 14016 5 5580
255 255 255 85 85 85 17
24241 3 32623 3223 £ 8997 n+l + 3687 4671 5 + 1313 1313 3507 n+3
30 60 17 340 + 340 +
[ 104 908 £6 _ 3212 1198 11 £7 179 601 £5 431
255 255 255 5 +50 255 5 510 f+ 510 204
749 907 213 n+2 523 £3 _ 619 _ a4 n+3
f + %0 B+ +L 205 ~uso 95 +35 2720 (2.5)

Evaluating (2.5) at ¢ = 0,2,2

IZF

we obtain the formulae

= yn + hi(ﬂl f
i=0

2

yn+ci i

2

3 and its first derivative at £ = 0,3 and after some algebraic manipulations,

(2.6)

Eqg. (2.6) consists of six new hybrid methods whose coefficients are specified in Table 1.

Table 1: Coefficients of the hybrid method (2.6) for k = 3.

fn f”+l fn+1 fn-% fn+2
‘i f f y
n+3 n+3 n yn+ci
19087 2713 15487 293 —6737
% 120960 5040 40320 945 40320
2 863
263 1 1
5040 120960
1139 47 11 166 —269
1 7560 63 2520 945 2520
1 37 1 1
315 7560
137 81 1161 17 —729
% 896 112 4480 35 4480
27 -29 1 1
560 4480
143 232 64 752 29
2 945 315 315 945 315
315 945
3715 725 2125 125 3875
% 24192 1008 8064 189 8064
2 235 =275 1 1
1008 24192
4L 27 27 34 27
3 280 35 280 35 280
27 41 1 1
35 280
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Writing (2.6) using Table 1 in block form gives

AY, =AY, +h(B,F, +BF,) (27)

T
where i represents the block number, Y; = (yn 1 Yn+1 Ynad Yne2 Yptss yn+3) :
2 2 2

T T
Vi1 = (yn_;t yn—Z)yn—%iyn—ll yn_%:yn)  Fi = (fn+%' fn+1' fn+%! fn+21 fn+§l fn+3) yFiog =

T
(fn_§, fr-20fpn_d fa—1 fts fn) , and T denotes transpose, A, is the identity matrix of size 6 while
2 2 2

0 00 0 0 1] 0000 0 55 B - B S o

000001 00000 i @ ou o o ou s

A< 00001 loo000 b |%E & & & 2 ¥
945 35 315 945 315 315 945

000001 00000 2 s ozmooam o owm oz o

000001 Joooo0oo0 %] [% % % % % %

Equation (2.7) is the new three-step hybrid block method (HBM3).
Case 2 (k = 4): Here, we also set the interpolation points t = 3 exactly as in case 1 and collocation

pointsm =7 atx;,j = %,1,%,2,E

> 3,% respectively so that (2.1) becomes the continuous hybrid method

(CHM4) of the form

3 7
y(x) = @, (x) Y i +hY B, () f
i=l 2 2 =1 2 2 (2.8)
Here, the matrix D in (2.2) becomes
B 2 3 4 5 6 7 8 9 7
1 Xn+% Xn+% Xn+% Xn+% Xn+% Xn+% Xn+% Xn+l Xn+l
2 3 4 5 6 7 8 9
1 n+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+1 Xn+l Xn+l Xn+1
2 3 4 5 6 7 8 9
1 Xn+% Xn+3 Xn+§ Xn+§ n+d Xn+§ Xn+§ Xn+§ n+3
2 3 4 5 6 7 8
0 1 2Xn+% 3xn+% 4xn+% 5xn+% 6xn+% 7xn+% 8xn+% 9xn+%
2 3 4 5 6 7 8
D= O 1 2Xn+l 3Xn+l 4'Xn+1 5Xn+l 6Xn+l 7Xn+l 8Xn+1 9Xn+1
0 1 2x., 3x*, 4x, 5x', 6Xx, 7x°, 88X, 9,
n+3 n+3 n+3 n+3 n+3 n+3 n+3 n+3
2 3 4 5 6 7 8
0 1 2Xn+2 3Xn+2 4Xn+2 5Xn+2 6Xn+2 7Xn+2 8Xn+2 9Xn+2
0 1 2x .. 3x*, 4x°. b5x', 6X ., 77X, 8X . 9X .
n+3 n+3 n+3 n+3 n+3 n+3 n+3 n+3
2 3 4 5 6 7 8
O 1 2Xn+3 3Xn+3 4Xn+3 5Xn+3 6Xn+3 7Xn+3 8Xn+3 9Xn+3
2 3 4 5 6 7 8
_O 1 2xn+% 3xn+% 4xn+% 5xn+% 6xn+% 7xn+% 8xn+% 9xn+%_
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Following the derivation in Case 1 yields the CHM4 of the form,

56160 £9 962112 8 | 7054032 £7 28967008 6 73182606 5

| 588795 T 58879 58879 "~ 758879 58879
Y(f) | 117507516 §4 119313022 ég 73324116 5 4 24441480 » 3286548 yn%
58879 58879 58879 58879 58879 +
[ 163840 »9 2678016 988 " 18518016 7 _ 70680064 é:e n 163000320 55
58879 58879 58879 58879 58879
_ 233808288 54 n 207099136 53 108692928 éz n 30723840 5 3586977 | Jn+l
58879 53879 58879 53879 58879 +
220000 3640128 25572048 99647072 236182926 £5
~ 58879 98 BT " 758879 ég + ~es7s T 758879 98
351315804 54 326412158 53 182017044 52 55165320 6932404 n+3
58879 58879 58879 58879 58879 +
1378228 880926 f n 293390806 7 _ 19358559 f n 1789208741 5
111281319 ~ 412153 18546885 294395 10598220
130464265 4 | 64467190117 »3 1520938699 2 , 3875338 » 161046283 | n+%
471032 222562620 8243060 58879 16486120 +
[ 1504502 »9 133779664 é:8 " 956019032 57 _ 543378172 gge " 1320509918 55
1236459 6182295 6182295 883185 883185
2022626341 634 27187290209 £3 10457166729 §2 23380173 » 423251181 | N+l
833185 12364590 8243060 53879 8243060 +
[ 1341724 .9 21934946 f + 50649546 7 27746887 ég + 258437107 &5
1236459 © ~ 1236459 412153 58879 235516
754642861 4:4 " 7229191835 3 3964804813 é;z " 14102660 » 98081883 | n+3
471032 4945836 4945836 58879 3297224 +
2297024 £9 | 4008832 8 79663312 »7 | 13859296 6 92099876
11128131 1236459 3709377 176637 529911
42703672 g4 _ 2348055100 égs | 45886906 2 _ 1896365 é: 4. 1605908 n+2
176637 11128131 412153 53879 412153 +
[ 81724 9 1236814 .8 7888526 »7 3970051 »6 , 34036625 5
1236459 1236459 1236459 176637 706548
92024513 54 " 274445659 3 47330877 § " 481374 » 3220893 | n+3
1413096 4945836 1648612 58879 3297224 +
18208 59 I 265232 2723384 65 n 1330484 »6 2782166 15
1236459 1236459 © ~ 2060765 294395 294395 f
n 737219 4 129795839 f n 132587267 88993 f n 1476969 n+3
58879 12364590 24729180 ~ 58879 8243060 +
[ 17428 9 135566 égs " 2429254 7 386123 gge " 9506429
11128131 6182295 18546885 883185 10598220
8272177 54 " 215916373 £3 4047241 2, B0 £ 267133 n+Z
7065480 222562620 8243060 58879 16486120 (2.9)

Evaluating (2.9) at ¢ = 0,2,3,3,7,4 and its first derivative at { = 0,4 and after some algebraic

IZI

manipulations, we obtain the formulae

8
yn+ci = yn + hz gol fmi
=0 2 T2 (2.10)

For Reprint: editor.napas@gmail.com Nigerian Annals of Pure & Applied Sciences, Vol. 5, Issue 1, 2022



Solving Non-stiff Initial Value Problems of Ordinary Differential Equations..... Adeeetal, | 269

Eqg. (2.10) consists of eight new hybrid methods whose coefficients are specified in Table 2.

Table 2: Coefficients of the hybrid method (2.10) for k = 4.

fn fn+l fn+1 n+3 fn+2 fn+§
C_ f 2 f 2 2
1
n+3 fm% n+4 yn yn+(:i
1070017 2233547 2302297 2797679 —31457 1573169
}/ 7257600 3628800 3628800 3628800 45360 3628800
2 ~645607 156437 =3 1 1
3628800 3628800
32377 22823 —21247 15011 —2903 9341
226800 28350 113400 28350 5670 28350
1 —15577 953 -119 1 1
113400 28350 32400
12881 35451 1719 39967 —351 17217
3 89600 44800 44800 44800 560 44800
A —7031 243 -369 1 1
44800 6400 89600
4063 11288 122 16376 —908 4616
28350 14175 14175 14175 2835 14175
2 -1978 488 -107 1 1
14175 14175 28350
41705 115075 3775 159175 -125 85465
s 290304 145152 145152 145152 9072 145152
A —24575 5725 -175 1 1
145152 145152 41472
401 279 9 403 =9 333
3 2800 350 1400 350 70 350
79 9 -9
1400 350 2800 1 1
149527 408317 24353 542969 343 368039
7 1036800 518400 518400 518400 6480 518400
A 261023 111587 —8183 1 1
518400 518400 1036800
1978 1978 —1856 20992 —-1816 20992
14175 14175 14175 14175 2835 14175
4 —1856 11776 1978 1 1
14175 14175 14175

Writing (2.10) using Table 2 in block form gives
A)Yi = Yi—l+h(BOFi + BlFi—l) (2.11)

T
where i represents the block number, Y; = (yn+%, Ynt1 Vsl Ynt2 Ynad Yntar Yna yn+4) Y=
T
(yn—%tyn—3tyn_%yn—Z'yn_%lyn—lJyn—%lyn) )
T
F = (fn+%' fn+1lfn+%' fn+2ifn+%' fn+3' fn+%ifn+4) )

T
Fi_1 = (fn_%,fn_3,fn_;,fn_2,fn_%, fn_l,fn_%,fn) , and T denotes transpose, A, is the identity matrix

of size 8 while
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_ _ _0 0 0 0 0 0 0 1070017 |
0O 0 00O O0OO0O01 7257600
32377
00000O0O0OH1 000000 0 3%m
000000O0GO 01 0000000
A 0O 0 0O 0O O O0O01 B 0 0000 OO0 =
= , =
0 00O0OTOTG 01 000O0GO0GO0 0 s '
0 0 00O 0O O0O01 000O0OGOOO S0
0 0 00O O O0O01 149527
O O O O o o 0 O 0 0 0 0 0 0 1036800
l 1978
L - _O 0 00 00 0 & |
[ 2233547 2302297 2797679 31457 1573169 645607 156437 33953 ]
3628800 3628800 3628800 45360 3628800 3628800 3628800 7257600
22823 _ 21247 15011 __ 2903 9341 _ 15577 953 _ 119
28350 113400 28350 5670 28350 113400 28350 32400
35451 1719 39967 _ 351 17217 _ 7031 243 369
44800 44800 44800 560 44800 44800 6400 89600
11288 122 16376 __ 908 4616 _ 1978 488 __1o7
B — 14175 14175 14175 2835 14175 14175 14175 28350
0 115075 3775 159175 _ 25 85465 _ 24575 5725 _ 175
145152 145152 145152 9072 145152 145152 145152 41472
279 9 403 _9 333 79 9 __9
350 1400 350 70 350 1400 350 2800
408317 24353 542969 343 368039 261023 111587 8183
518400 518400 518400 6480 518400 518400 518400 1036800
11776 1856 20992 1816 20992 1856 11776 1978
| 14175 14175 14175 2835 14175 14175 14175 14175

Equation (2.11) is the new four-step hybrid block method (HBM4)

3. Analysis of the New Methods HBM3 and HBM4
In this section, the orders and error constants, consistency, zero-stability, linear stability and region of
absolute stability of the block methods (2.7) and (2.11) is presented.

3.1 Order of Accuracy and Error Constants of HBM3 AND HBM4
Following Odekunle et al., (2012), the methods HBM3 and HBM4 are of order p=7=1 and

p=9>1

Table 3: Features of HBM3

with error constants in Tables 3 and 4 respectively.

Scheme Order Error Constant
y 7 275
n+l 6193152
7 1
yn +1 30240
7 9
yn+g 229376
7 1
Yoi2 30240
y 7 275
n+s 6193152
8 28823
yn+3 120422400
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Table 4: Features of the HBM4

Scheme Order Error Constant
y 9 8183
n+% 1061683200
9
Yo 1433600
9 _2
yn+g 3670016
9 _ar
yn+2 7257600
9 _2
Y. o3 3670016
9 _9
yn+3 1433600
y 9 8183
n+% 1061683200
y 10 31
n+4 14968800

3.2 Consistency of the HBM3 AND HBM4
From Tables 3 and 4, the block methods HBM3 and HBM4 are consistent since they have orders
p =7 > 1and p = 9 > 1 respectively (Henrici, 1962).

3.3 Zero Stability of the HBM3 AND HBM4

The methods (2.7) and (2.11) are said to be zero stable if the roots Z;,s = 1,2, ....n of the first
characteristics polynomial p(1) defined by p(1) = det[A4; — Ay] = O satisfy |Z,| < 1,s = 1,2, ...,k
where A; and A, were defined in (2.7) and (2.11).

Thus, p(A) =2°—2>=0=225(1-1)=0,4=1,1 = 0 (5 times) and
pD)=28-27=0=>27(A1-1)=0,1=1,1= 0 (7 times) respectively.

Accordingly, the HBM3 and HBM4 are zero stable, hence convergent (Fatunla, 1991; Henrici, 1962).

3.4 Linear Stability of the HBM3 and HBM4

Based on Akinfenwa et al., (2013), the stability functions for each of the methods HBM3 and HBM4 is
given by u(z) = —(4, — zB,) " 1(4, — zB,) where in each case, A, Ay, B; and B, are defined in (2.7)
and (2.11). These yields

_1526 +1472° +812z* +29402° + 700022 +10080z + 6720
,U(Z) = 157°-1477° +812z* —2940z° + 700022 —10080z + 6720

(3.1)

and

(2)-- +10886402° +18345602z° +1935360z + 967 680
H 420z° — 4566277 +295312° —1345682° + 448980z*
—-1088640z° +1834560z° —1935360z + 967 680

(42028 + 456677 +295317° +1345687° +44898024]

3.2)
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for HBM3 and HBM4 respectively.

3.5 Regions of Absolute Stability of the HBM3 AND HBM4.
In a similar vein, using (3.1) and (3.2), the stability polynomials given by

431 _157 4463 4463 18853 10547
—Z (13440 W + 3100 13440 WS) (67200 ~ 67200 w ) z (33600 W + 33500 33600 WS)
1381 1381 461 379 5 6 5
(1680V\F Tes0 W ) Z(zsow +20 W )+W —W (3.3)
and
7(_281 \,8 =7 199 7) 6( 1566947 /7 .. 1566947 8)
1z ( 40320 w Déo 640 W) &tz 101606 400 W 101 606 400 To1606400 WV
5( 590221 \\/8 7585763 7) 4 ( 3531473 ,,7 3531473 8)
L ( 3175 zoo -5350 400 wh ) &1 10886 400 w 510 886400 W
3 ( 38407,,,8 r—H0761 7> 2 (366679 5366679 8>
L ( 28350 w 6700 w" ) &1 226800 226 800 w

30328 \\/8 226372\ 7 [Zfy® s’
d( 1415 W 1175V ) (3.4)

for HBM3 and HBM4 respectively.

To obtain the stability regions of the HBM3 (2.7) and HBM4 (2.11), the stability polynomials (3.3) and
(3.4) and their first derivatives are used to plot the region of absolute stability as indicated in in Figure 1
(@) and (b) respectively.

2 18 16 -14 12 A -08 -06 -04 -02 0

(@) (b)
Fig. 1: Region of Absolute Stability (a) HBM3 and (b) HBM4.
Note that the regions indicate that the methods, i.e., HBM3 and HBM4 are absolutely unstable.

4. Numerical Experiments

The following numerical experiments are performed with the aid of MATLAB R2015a software
package to further affirm the earlier established convergence of the absolute errors of the new HBM3 and
HBM4. To test the accuracy of the methods, we compare the absolute errors of the methods using the
following notations in our tables below.

HBM3: new hybrid block method (Case 1)

HBM4: new hybrid block method (Case 2)
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BHBM2: Two-step method by Badmus & Mshelia (2012)

BHBMS3: Three-step method by Badmus & Mshelia (2012)

YKA: Yakusak & Adeniyi (2015)

YA: Yahaya (2004)

4S2HBM: Four-step two off -step Hybrid Block Method by Yakusak et al., (2015)
ACY:: Abdullahi, Chollom & Yahaya (2014)

OAS: Odekunle, Adesanya & Sunday (2012)

BYP: Badmus, Yahaya & Pam (2015)

KGS: Kamoh, Gyemang & Soomiyol (2017)

— -b
Note: in Tables 5-10, we have used the notation a(-b)=ax10

Example 1

1 2 _ 2 i
Xy 2y =4x,y(1)=2,h =001 (Exact solution: YOO =X+

Source: Badmus & Mshelia (2012). Results are shown in Table 5.

)-

Table 5. Comparison of Absolute Errors for Example 1

x HBM3 HBNM4 BHBM2 BHBM3
1.1 6.2173(—15) 4.4409(—16) 3.8299(—07) 1.1799(—07)
1.2 9.2282(-13) 5.7732(—15) 3.3556(—08) 4.8444(—07)
1.3 1.4467(-11) 1.8696(—13) 5.3331(—08) 3.5903(—06)
1.4 9.3087(—11) 1.9593(—12) 6.5367(—08) 3.1036(—06)
1.5 3.7263(-10) 1.1354(—11) 1.4440(—09) 2.7314(—06)
1.6 1.1131(—09) 4.5551(—11) 3.3000(—08) 8.3100(—07)
Example 2

y'=5y,y(0)=1h=001 (Exact solution: y(x) =e” )

Source: Yakusak & Adeniyi (2015) and Yahaya (2004). Results are shown in Table 6.
Table 6: Comparison of Absolute Errors for Example 2

X HBM3 HBM4 YKA YA
0.01 1.6(—15) 1.1(—15) 0.0000 6.2(—10)
0.02 3.1(—15) 8.9(—16) 0.0000 1.1(—09)
0.03 4.7(—15) 2.2(—16) 0.0000 1.3(—09)
0.04 6.7(—15) 6.7(—16) 0.0000 1.6(—10)
0.05 8.7(—15) 1.3(—15) 0.0000 1.3(—09)
0.06 1.1(—14) 4.4(—16) 1.0(—9) 4.2(—10)
0.07 1.4(—14) 2.2(—16) 1.0(—9) 2.4(—10)
0.08 1.6(—14) 4.4(—16) 1.0(—9) 2.4(—09)
0.09 1.9(—14) 1.1(—15) 0.00000 2.5(—09)
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Example 3

y':_

Y,¥(0)=1,0<x<1h=0.1

(Exact solution: y(x)=e" )

http.//napas.org.ng

Source: Yakusak et al.,(2015); Abdullahi, Chollom & Yahaya (2014) (see Table 7).

Table 7: Comparison of Absolute Errors for Example 3

X HBM3
0.1 2.6(—13)
0.2 4.7(—13)
0.3 6.3(—13)
0.4 7.7(—13)
0.5 8.7(—13)
0.6 9.4(—13)
0.7 9.9(—13)
0.8 1.0(—12)
0.9 1.0(—12)
1.0 1.1(—12)
Example 4

HBM4

4.4(—16)

7.8(—16)
1.1(—15)
1.3(—15)
1.4(—15)
1.7(—15)
1.7(—15)
1.7(—15)
1.8(—15)
1.8(—15)

Consider a linear first-order IVP,

y'=xy,y(0)=Lh=0.1,0<x<2

4S2HBM

0.00000
0.00000
0.00000
1.0(—09)
1.0(—09)
1.2(—03)
1.0(—09)
1.0(—09)
7.1(—09)
1.0(—09)

(Exact solution:

y(X) - e(Z))_

ACY

0.00000
0.00000
2.0(—10)
1.0(—10)
6.0(—10)
7.0(—10)
4.0(—10)
8.0(—10)
9.0(—10)
8.0(—10)

N

Source: Odekunle, et al., (2012) and Badmus et al., (2015). Results are shown in Table 8.

Table 8: Comparison of Absolute Errors for Example 4

X

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

HBM3

3.7954(—11)
8.3136(—11)
1.4096(—10)
2.1862(—10)
3.2622(—10)
4.7818(—10)
6.9563(—10)
1.0097(—09)
1.4667(—09)
2.1361(—09)

HBM4

7.1565(—13)
1.6251(—12)
2.8595(—12)
4.6037(—12)
7.1283(—12)
1.0837(—11)
1.6340(—11)
2.4567(—11)
3.6946(—11)
5.5682(—11)
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OAS

5.2398(—07)
1.6913(—07)
8.7243(—07)
3.0098(—06)
1.7466(—06)
4.1710(—06)
9.6465(—06)
6.7989(—06)
1.2913(—05)
2.6575(—05)

BYP

1.2313(—09)
1.2343(—09)
1.2814(—09)
9.0100(—12)
3.3949(—09)
3.5428(—09)
3.8244(—09)
3.8275(—10)
1.3275(—08)
1.4427(—08)
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Example 5

Consider a linear first-order I\VP,
y'=x-VY,y(0)=0,0<x<1h=0.1

Source: Kamoh et al., (2017). Results are shown in Table 9.

Table 9: Comparison of Absolute Errors for Example 5

(Exact solution:

y(x)=x+e™-1

X HBM3 HBM4 KGS
0.1 2.58(—13) 5.02(—16) 1.05(—09)
0.2 4.68(—13) 8.81(—16) 6.20(—10)
0.3 6.35(—13) 1.12(—15) 7.96(—10)
0.4 7.66(—13) 1.55(—15) 3.86(—10)
0.5 8.66(—13) 1.58(—15) 1.42(—09)
0.6 9.40(—13) 1.94(—15) 1.92(—09)
0.7 9.93(—13) 1.97(—15) 1.54(—09)
0.8 1.03(—12) 1.86(—15) 1.53(—09)
0.9 1.04(—12) 1.89(—15) 1.85(—09)
1.0 1.05(—12) 1.89(—15) 1.85(—09)
Example 6

y'=y-x"+1y(0)=3,h=0 y(X)=(X+1)2—%eX)

Source: Badmus et al., (2015). Results are shown in Table 10.

A .
(Exact solution:

Table 10: Comparison of Absolute Error for Example 6

X HBM3 HBM4 BYP
O.1 2.1161(—1.3) 2.2204(—16) —6.5410(—12)
0.2 4.6818(—13) 9.9920(—16) —7.1360(—12)
0.3 7.7582(—13) 1.3322(—15) —7.9700(—12)
0.4 1.1438(—12) 2.4425(—15) —2.4400(—12)
0.5 1.5796(—12) 3.1086(—15) —2.5670(—11)
0.6 2.0945(—12) 3.5527(—15) 7.3760(—11)
0.7 2.7016(—12) 5.5511(—15) —3.4243(—10)
0.8 3.4115(—12) 6.2172(—15) 1.4109(—09)
0.9 4.2419(—12) 8.4377(—15) —5.9603(—09)
1.0 5.2087(—12) 1.021(—14) 2.5051(—08)
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4.4 DISCUSSION OF RESULTS AND
CONCLUSION

The results of the numerical examples for HBM3
and HBM4 in this research were compared with
that of Badmus & Mshelia (2.12), Yakusak &
Adeniyi (2015), Yakusak, et al. (2015), Yahaya
(2004), Odekunle et al., (2012), Abdullahi,
Chollom & Yahaya (2014), Badmus, Yahaya and
Pam (2015), and Kamoh et al., (2017).

Table 5-10 give better accuracy with smaller error
constants for the new HBM3 and HBMA4
compared with virtually all existing methods
already stated in the literature. This indicates that
although these new hybrid methods are A-
unstable, they have been shown to be convergent
numerically as they cope effectively with non-stiff
problems. Hence the methods derived are more
accurate, efficient and computationally reliable.
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